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Nonequilibrium steady-state circulation and heat dissipation functional
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A nonequilibrium steady-stat®ESS, different from an equilibrium, is sustained by circular balance rather
than detailed balance. The circular fluxes are driven by energy input and heat dissipation, accompanied by a
positive entropy production. Based on a Master equation formalism for NESS, we show the circulation is
intimately related to the recently studied Gallavotti-Cohen symmetry of heat dissipation functional, which in
turn suggests a Boltzmann's formulalike relation between rate constants and energy in NESS. Expanding this
unifying view on NESS to diffusion is discussed.
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The master equation is a widely used stochastic model for It is important to point out that the stochastic approach to
single-molecule conformational kinetics. In a thermal equi-NESS of macromolecules in aqueous solution at constant
librium, the probability ratio between any two states is re-temperature, based on either master equations or diffusion, is
lated to the rate constants between them, which in turn isnore than a phenomenological theory. Recent work on sto-
related to energy according to the Boltzmann formula chastic macromolecular mechani®9] of motor proteins

and other biomolecules have shown that a complete set of
pi/p;=a(j,H/q(i,j), q(j,i)/q(i,j)=e"E, (1) thermodynamic laws can be obtained from the formalism.
Thus, it is an approach in parallel and complementary to
whereAE is the energy difference, ikgT, between states  Boltzmann’s approach to irreversibility for gases and liquids.
andj or, equivalently, the heat dissipated in the jump from Both approaches are rooted in Newtonian mechanics, both
to i. These relations, consequences of detailed balance, aievoke a stochastic elemeat priori in dealing with colli-
fundamental to chemical equilibrium. In recent years,sions[10], and both give the second law of thermodynamics

master-equation models have also been applied to motor prgs an inequalityH=0 [10] and ¥ <0 [9] with H and ¥
tein kinetics[l]. The novel feature of this class of models is being nonequ“ibrium genera"zaﬂons of entropy and Helm-

that a system reaches its stationarity wiecular balance holtz free energy for microcanonical and canonical en-
rather than detailed balanck,3]. In a nonequilibrium  sembles, respectively.

steady-statgNESS, there is also a relation between rate
constants and certain probabilities. The relation was exten- NONEQUILIBRIUM STEADY-STATE
sively studied in Refd.4,5], but it has not been widely rec- . .
ognized in statistical mechanics. Here we try to develop the We now consider aN-state Markov jump procesXs,
recent stochastic theory of Gallavotti-Cohen symmégy (0=s=<t) with transition rates(i,]). Again, we assum
from the circulation approach, and thus unify the two theo-Visits in succession the stateg,X,, ... X, ... X,. We in-
ries for far-from-equilibrium statistical mechanics. Both ap-troduce a function of the trajectofXs}:
proaches yield the Onsager reciprodi}] in the linear re- Q(X1,X2)9(X2,X3) . . . 0(Xn—1,Xn)
gime [4,7]. Reference[4] also provided the Onsager’s W(t):|09<q(x X)) q(X3.Xz) - - - A% X 1)
coefficients with a probabilistic interpretation. 2SRl AR

Figure Xa) gives an example. It is easy to compute theNote kgT log[q(i,j)/q(j,i)] is the energy difference between
steady-state  flux J=w19(1,2)— ©»0(2,1)= 1»q(2,3) n
— u30(3,2)= u3q(3,1)— ©1q(1,3), which in general is —_—
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nonzero. Theu; are the steady-state distributions, which can

be easily obtained from the master equatioip;/dt qH@

=21;9(j,1) — wiq(i,j)=0. It was shown in Ref[4] that ,‘Ix ('

J can be uniquely decomposed into twame-way-cycle s
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FIG. 1. (a) A simple model of conformational transitions with
; three states. If the system is closed without pumping, then
€{1,2,3), and denotesl, (orN.) the ”“”.‘ber of timeX 012023031= 021032013 @nd the stationary state is detail balanced. For
completes ?he cycle 123br 1321), then lim...[N. (t)/t] a pumped system, the equality does not hold, and the stationary
=J, and lim,_.[N_(t)/t]=J_. Thus,J, andJ_ have gt is a NESS with circular flug0. Thed can be further de-
strong probabilistic meaning. Figuréal ShOWS how to cOM-  composed into probabilistically meaningfdl, and J_ such that
puteJ, andJ_. See Refs[4,5] for for details. J=J3,-J_ andJ, /J_ = 01025031/ 02103:013. J+ andJ_ can be
computed from the scheme {b) in which the clockwisgcw) and
counter clockwisdccw) one-way-cycle fluxes are shown. See Ref.
*Email address: gian@amath.washington.edu [4] for computing one-way-cycle fluxes in more complex systems.

fluxes J=J,—J_ such thatd, /J_=q(1,2)q(2,3)q(3,1)/
a(2,1)q(3,2)q(1,3). Furthermore, if one follows the trajec-
tory of the Markov jump proces¥g (0<s=<t), which visits
in succession the states;,Xs, ... Xy, «.. Xy, (Xk
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states andj. Hence Eq(2) is the heat dissipation associated whereP\ is the probability for the number of returns, cw
with the jumpsx;—X, . . .—X, in kgT unit. We shall there- and ccw, as well as the noncircular reversed path, up to time
fore call it aninstantaneous heat dissipation functional t; P({N%,N”}|N(t)) is assumed to be multinomial with’.
which is a more informative name than thetion functional  peing the stationary probabilities fow. and pi/pi

[6]. In terms ofW(t), a cycle completed b}, is particularly =J%/3". The symmetryQ(1—\)=Q(\) is evident.

important in NESS: The system returns to its original state What does this symmetry tell us about the random process

after a cycle b.Ut a fini.te a”.‘ou'”t of heat has been d?sssipateﬂl(t)? The symmetry indicates th&¥(t) has a probability
due to the ireversible jumpsx—x; when nq(i,) (density function in the form offy,(w)=e"g(w?t). It

# m;d(j,i). To sustain the stationarity, an equal amount o o o :
energy has to be “pumped” into the system to Comloensa,[éeflects a natural symmetry i with eac_hy divided into
cw and ccw. The instantaneous heat dissipatidft) is a

the heat loss. Recent work on the “fluctuation theorem” hasti i ) i | ith
focuses on the statistical propertiesWift) [6]. By identify- stochastic process increasing linearly, on average, wit
rate £>0. There is a small tail of probability of being

ing W with heat energy, a Boltzmann formulalike relation . o :
exists in NESSJ. /J_=eAW whereAW is the heat dissi- negative[13]. Note that the logarithmic moment generating
R, ’ function for a Brownian motion with diffusion constaibt

ation for completing a cycle. As we shall show, the . X
P pieting y and drift rateV is —VA+DA? Only when D=V=a,

Gallavotti-Cohen symmetry aiV(t) is a consequence of this
y y M) q (14 mat)exd —(W—at)?/4at] has the symmetryQ(\)

important relation. )
=—al(1—N\). Therefore, the symmetriQ(\) suggests a

Since the total number of states is finite, %gcontinu- X ) . :
ously completes cycles. Let be the set of all possible certain relationship between the rdi and fluctuationD)

cycles. This immediately provides us a method to comput®f the heat dissipatiolV(t) in a NESS.

the limit of W(t): The dynamics of an _irreversible process can l_Je viewed
as a process stochastically completing dissipative cycles
IimW(t) s Ni(t)lo J% N Ni(t)IO = in successiofi5]. Again, considering Fig. (&), and assuming
e U2t TRy t 3 a(1,2)=0q(2,3)=q(3,1)=q; , andq(2,1)=q(3,2)=q(1,3)

3) ased random walk withg, and q_. For larget, W(t)
~{Vg++0-B+(q: —q-)t}Hog(q. /q-), where B, is the
standard Brownian motion. ClearlyE[W(t)]/t=(q,
—q-)log(q./g-). The Brownian motion approximation for

: . . the random walk, however, is not sufficiently accurate for
time t. Equation(3) turns out to be the entropy production ) ’ ’ - RW
rate(EPR)! In an isothermal NESS, the EPR equals the mearﬁomplmn/g t?e symrr}etrchQ()\) for W(bt)' QBM()‘)
heat dissipation ratéHDR). The right-hand side of Eq3)  _d+(d+/9-)"+d-(q-/d,)*—(q.+qg-) but QZF()\)
can be rewritten a%'silj] = _)\(qu_q*)In(qu /q*)+)\ (q++q*)[|n(q+ /q*)] 2. The
ati.i) latter, the Taylor expansion of the former)at0, destroys
_ P ;o HiH the symmetry. Since the Brownian motion approximation
EPR=¢= iq(i,]) = miq(j,i)Jlogl ——— 1, . :
¢ ZJ: L0001 1) = p50(1.D)] g(ﬂ,ﬂ(l,l)) @ preserves the expectation and the variance ofie), the
wherep, is the steady-state distribution. It is clear tiat0 ~ SYymmetry in ;fhis case must reflect higher-ordesr statistics of
and the equality holds if and only if the Markov process is W(1): ((AW)*)=tQ"(0)=t(q, —q-)[In(q./q-)]* while
detail balancedpq(i,j)=£;q(j i)- the Browian motion approximation gives 0. Not¥(t) is

The idea behind the fluctuation theorem was to obtairf!Ways positively skewed; the fluctuations Wi(t) are not
further statistical details abowV(t). This can be accom- symmetrical in the conventional sense. However, there are
plished by computing its logarithmic moment generating™e “Symmetric” characteristics associated with tié(t).
function [6]: Q(\)=—(LT)logE[e ™|, where E[-] (1) with respect to time, for eacs there is a corre-
stands for expectation. Note the(t) is not stationary in sponding time-reversible proceXsg; their respective HDF’s
general; it is stationary only when thé; satisfies detailed W(t) andW(t) are the same.
balance. We can express the expectation in terms of the cir- (2) With respect to the probability distribution faw, the

-
JV

v =(_, the motion can be mapped to a continuous-time bi-
=2 (Ji—J”)Iog( )

in which N’ (t) [N”.(t)] is the number of times the cycle
is completed clockwise, cwicounterclockwise, ccyup to

culations ag12] cornerstones for the symmetry are the two relatigngq_
o =J,/J_ andJ, /J_=e*V. They are to be compared with
E[e W= Pnio(n) > P{N”,N”}YN(t)=n) Eqg. (1). The latter relation resembles and generalizes the
n=0 NYNY Boltzmann formula to NESS: the ratio of the rates going cw
3 —AN” 37\ AN and ccw on a cycle is related to the heat dissipation of the
XH <_+) (_‘) cycle via a “Boltzmann factor.” In an equilibriumAW
vee | Jv Ji =0<J,.=J_ on a cycle.
o JV 1-\
’NVE PN(t)(n)( E p”{(—:)
N SN A DIFFUSION PROCESSES
+(J—+) —(J—++1)H , (5) Motor proteins have also been modeled in terms of a
Jr J7 Brownian motion in an energy landscafiet,8]. The above
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analyses can be generalized to the diffusion process with One can learn more about the propertie$\t) from this
Smoluchowski equation simple example. Let us defind/,,=1/(mAt)=; W(kAt)
IP(X,t)/at=DVP(x,t)—(1/5)V-(FP) (6)  as the “mean heat dissipation rate.” Then it is easy to show
that W,, has a normal distribution withE[W,,]=(m
in which a conservativéc leads to a reversible diffusion +1)aAt/2 and VARW,]=(m+1)(m+2)aAt/3. There-
processX; with corresponding stationary equilibrium. The fore, the ratio between probabilities ®,,=w and W,,=
relation between equilibrium probability and foréeis the  —w: PWm(W)/PWm(—W):exq—SW/(2m+4)]. This is the
Boltzmann's formula Peq(x) o exg Y™™l where ksT  Gallavotti-Cohen fluctuation formulksee p. 182, Eq13.43
=7D and —VU=F. Nonconservativéd- necessarily leads of Ref.[10]).
to NESS[15,8], in which the stationary probability distribu- A connection with Onsager’s principle of least dissipation
tion satisfies—DVPs{(x)+(1/7)FPs(x)=J, whereJ is  (PLD) can also be established by considering a nonconser-
the stationary probability flux an®-J=0. It is possible to  vative F=—V ¢+ €f;,, using the perturbation method. The
generalize the one-way-cycle fluxes to continuous spacprecise meaning of a NESS near equilibrium

[15-17, known as Watanabe formula: is small e with V-f,,=0. Since Gibbs entropyS P]
(Prob. ofX, cycling cw alongl’) pl' 1 4; ] =—[P(xt)InP(x,t)dx, its time derivativeS=EPR-HDR

- =expi——= ® F-dl; (7) [21]. This equation should be compared with E§.10 in
(Prob. ofX; cycling ccw alongl’) kT Jr Ref. [22]. Onsager introduced ERRy[J’P 1dx and as-

serted thats(EPR)=0 for linear irreversibility. Expanding
P(x)=exd — ¢/ksT]+ey(X) the perturbation analysis yields
a linear approximation of EPRe’[e?(kgTVy+ ¢V ¢
—e %f;;,)2dx+ O(€%), which is quadratic ire as expected.
The Euler-Lagrange equation for variational principle

W(t)= ftF(xs)odxs S(EPR)=0 is
0 keTV24+V-(yVp)=—(Vo-fi)e™?, (10

for an arbitrary simple closed curde [18]. The right-hand
side is known as the thermodynanaygcle forcealong thel’
[4,8]. More importantly, one defines the heat dissipation
functional (forcex displacement

t 1 (t
=J F(Xs)-dXs+ EJ dXs- (VFEdXs), (8)  which is what one obtains from perturbation analysis of Eq.
0 0 (6). Comparing Eq(10) with Eq. (6), we immediately have,
for linear irreversibility,J=e~ %, [8]. Therefore, the PLD
is equivalent to Eq(6) in the linear regime near an equilib-
rium! This relationship, however, does not hold, in general,
beyond the linear regimg23].

where o is integration in the Stratonovich sense, ands
integration in the Ito sendd 7,6]. The second set of terms on
the right-hand side of E(8) is due to fluctuations while the
first term is due to “hydrodynamic” movemeifi9]. It can
be shown that in a NESE[W(t)/t] equals

DISCUSSION

F-Jdx=7| J?Pld =f VXA)- (VX y)dx, 9 . . . o
f X ﬂf ss X ( )-( )dx © In an isothermal NESS there is macroscopic heat dissipa-

) tion, £&t>0, which balances the entropy production. Meso-
wherey is the curl part off =—V¢+VXy by Helmholtz-  g¢opjcally, however, there are fluctuations in the instanta-
Hodge decompositiof8,17]. All these expressions, in terms peqys heat dissipatiolV(t). “Instantaneous” physically
of the stationary solution to Ed6), have been used in lit- means the time scale is on the order of the correlation time of
erature as EPR of NESS. When near an equilibriumPhe  {he white noise in Eq6). The symmetry we discussed above
in the above expressions can be approximately replaced B)gicates that the fluctuations are symmetric with respect to
the P4, which possesses certain symmetry due to detailege. WhenW(t)/t<¢, the system absorbs heat from the
balance[4,8]. _ _ ~ surrounding heat bath. This consists of the probability of

We again consider a simple example to gain insightsecond law violation§13]. This probability decreases expo-
Let X, be a one-dimensional diffusion, with diffusion nentially with increasing; irreversibility is a macroscopic
coefficientD and constant drift rat®, on a circle. The HDF phenomenon.
in Eq. (8), in unit kgT, is W(t)=(1kgT) oF-dXs We have identified the action functionalj, introduced
=(VID)[(dXs=(V/D)X,=J2V?/DB+(V?/D)t, where in Ref.[6], with the heat dissipation in a NESS. We show the
F=75V=kgTV/D according to the Einstein relation. The concept of cycle and circulation fluK)) is central in the
second term in Eq8) is zero, sincd- is constant. It is very discussion on NESS. In terms & and J, we discover a
important to note that for arbitrar andV, the correspond-  relationshipJ, /J_=e*" along each cycle that generalizes
ing W(t) is also a Brownian motion with a drift. However, the Boltzmann’s formula to NESS. The ratio of the rates is
the “diffusion coefficient” and “drift rate” for W(t) are the  again related to an energy, now the dissipated heat in NESS.
same,a=V?/D! [20] This relation is essential for the sym- More importantly, the Gallavotti-Cohen symmetry turns out
metry of the logarithmic generating functiom(\)= to be a mathematical consequence of this relationship.
—aN(1—\). It suggests that the rate of heat dissipation and The recent new development in nonequilibrium statistical
the fluctuations in the dissipation have a relationship inmechanics, based on a dynamical systems approach and the
NESS. theory of invariant measurg¢24], has brought the determin-
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istic and stochastic approach to the subject into a singleling NESS by diffusion processes. Hill's approach was
mathematical framework. The concept of EPR in both apcompletely based on master equations that allowed him to
proaches can be mathematically defined in terms of thebtain many in-depth resulfg]. These two approaches are
Radon-Nikodym derivative$25]. The irreversibility of a mathematically analogous, though an approach based on dif-
NESS can be characterized by an instantaneous heat dissifigsion is technically more demanding. On the experimental
tion functional W(t), which is a stochastic process that de-sjde, a recent development in motor proteins has provided a
serves further investigations, inClUding micrOSCOpiC eXperi'Concrete experimenta| System for Studying NESS. It is our
mental measurements. hope that closer interaction between the theoretical and ex-
The main purpose of this paper is to introduce the concepberimental work in this field will further advance our under-

of circulation into the current state of affairs. Systems lack-standing of statistical mechanics and thermodynamics of liv-
ing detail balance have been widely studied but little attening systems far from equilibrium.

tion has been paid to the importance of circular balance and
the NESS thermodynamics associated with it. Here we have

bridged the research on NE$6], the theory of circulation
[5], and Hill's theory for free-energy transducti¢d]—the

theoretical framework for a large class of biophysical pro-
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